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h(loc X. Will aIId l{tIIIdy llaI-tJIIaII

Jd 1 ‘rqmlsim]  1,al)61aby, Califor])ia l]]stitutc of ‘JkdIIIolo/;y

4800 oak Grow 1 hiw, 1 ‘asadm 1:1, Califw]ia, LISA

AIWII{ACT

l“IquclIcy  stld)ilizatio]] ]days a vmy critical  Id: i]} d iverse  a]qdicaiicnls suc.1] as lo]I~

clistal]cc  film] alId fwc s]mcc o])tliml cc)llill)t]]~iclttic)]is, i])iclfc]c)l]-]ctlic  salsillg, o])tical gy -

l“O$WO]  )(W, S(]UCCYjCd StatCS  of li:lltl) at,o]llic ljCZIIII t,].~i])])ill~,, aIIcl  gravity wwc ddcc. tire].

l“rcqllcllcy  stlal)ilizaiiol)  C+ III Iw ac.llimd  I)y IOdiills la.sms to a l“aln’j-  1 ‘mot d)alol].  OIIC

] )OSSjlJ](:  flcql]c])cy stahilizatio]l  tcclJIIiquc  is to wic 2111  oscjlltitm  t,l IRt ditlmrs  or II Iodulatc:s

t!llc frcqucllcy  of L])(! lascl’s. ‘J’lit! frcquc]]cy-  dilllcrcd  last] lig;ld is nl]alyzccl  via tl]fi])s])-)issic)]]

t,]ll”ollpjl {,11(! Rlhry- 1 ‘[!l’ot. ‘J’IIc o~lt]m{  of tlIc ctalo]] is dctmkd by a ])llc)tc){]ctcctc)]  al)d tlICII

corrclatd  wiilI tl]c ditllmil]p; osc.illatfor  si{p]~ll  to ol)tfai]l frequm]cy locl<i]lp;  mm csti]]-]atm

[l.] 1(1 Sul )Sc.(]m!ntly co] lt)ld t] 1(! fl”cx]ucl  Icy of t,l)c. 1 a.w]’s.

A  tllcorctical  a]la]ysis is ]mfm]])cd  fo] a  11’alny-l ‘mot frcq~m]cy stal)ili~atiml  SUI)

S}rst,  cll)) []ist,~l]l)~{]  1)}7 S]IO{,  ll[)isc:  aIId  f]c(jllc]]cy l]oisc co])sistillc‘. . of wl]itc, 1 /f, alId 1 /,f2

Cc)l]i]xn)m]tls.  (b]t]il )utiol]s  of t I]C s]}ot ] loisc alIcl flwjllm)cy  IIoisc colll]mIc31ts  to tll)c t{)-

t,a] fmquc])c.  y locki]]~ awn variallcc *IIC doivcd.  (Jive]] tl)c C.l):llactclistics  o f  tlllc ctdo]”],

aI I o])tiln}ll dc])tll]  of fmlucn)c.  y ]Ilodulatlio])  is calculated for trllc ditfllcrillg  oscillator ilIat)

]I]dxi]l]izcs  tll]c locki])~ awl sif,])d a]]l]ditudc  a]Id lIcl Icc results i]] tl]c best }mssiblc  locking *

])(!l’f[)l’l  Il?lllcc. ‘J’d,d frcquo]cy ]oc.ki]]p;  mm’ as a fullctiol] of ]00])  })aIIdwi(]t]I  is dis]daycd.



.
l“il I~Illy,  tlIc cxjwkd ]mforl]]a]]cc of aII o] Jti II Ii7d }{ ’alny-l’cmt  stalilixatio]j systwn  is

(:sti)]ldd.

]. ]N’I’1{O1)ll(  ~’J’lo N”

l“rqucncy  stal)ili7atioll  ])lays H wry criti(:til roles ill a]q)licatiol]s  sue]] as da{la CO] II IIIU-

IIic:)tiol), 1 kqq)lcr  {Irac.kil]p;l til]d Illi41a-  lligl)  ] )rccisio)l  al wluk- distal]c.c IncasuriIIf;, wlmrc

col IcrcIIt o])tlica]  IIctfcrodyllc  d(:kctiml  is lltili~ml. ‘J’l Ie rcx]uim])cld  of’ tlIc lasm frcqllcl]c.y

st, al)ilitly  fol COl ICIKHIt o])tic.a]  Cc)ll)llllll)ic?itlic)lls  wiIs illvmtig;atd  jII [ 1 ] ,  aIICl  slIowII  tlIat tl]c

m]uir(:(l  si~ll;ll ]mvcr fol, ])l]asc lockd  r(x”(:ivm cal I l)c f{lltll]cl rcduccd  ])lovi(lcd  tlIat

tralwlllitl  and local  oscillatw IHscr arc stiil)ili7,(xl to a (xtcnl:ll Icfclmlcc.  11’urtllcr  II IOIC,

o])tlic.a]  C.alv”icl’ C~])iil.)l  C of adlicw’h).y, sill)ilal  flc(]ll(’l)c.y stal)ility  to CulrclIt-day  1{11’ systclll

c.aII ]x)tclltially  c)flt:lsigl)ificallt il))])lc)l’[:lll(:llt  ill s]mcc-claft  llavig;at,iol]  Ca])zil)i]itics  [1] .

()])till)a] I(K)]) ~)~ll(]wi(]t]l  O f  t])e Cq)tic.a]  ])]lils(s-]oc.k~(l  ](K)]) d(XrC?ISCS  Wit}) dCCJ”C:iSilJ~

si~l)al-to-lloisc  ratio [2.], zJIIcl tl)(:rcf(nc cxcdlm)t  flcqucu)cy  stability  is required ill orda to

acl]icvc  ])1 Iasc col IcrcIIt o])tic.  a] IIdlcro(lyl)c  r(xc])tioll WIICII low signal ])mvo  Icc.c])tioll  i s

[!x])cct(!d. Sillc.c tl)c .s}mcbal filtlcril)~;  i s  ImfmIIIcd  at, il)tlcllllrxlifitc  fwqum)cy, wlIcw tl)c

Iml)dwidtll  scl(xticnl  isvcry  (:fltxtiv(:, IIctcmdylw  dct(!ctim]  oflt:rs a ~;ood lmcJ{~IolllId IIoisc

lcj(xti(nl.  IIalldwi(ltl)  sclcctil’cll:ltlll(of  collcr(v]t  l(wivclc.all  also lead to:ill)olccfIic.icllt”

IISC o f  {II(: o]hical  s])cctrulll  alI[l  ])otclltia] fol. IIlulti])lc accms c.c)lllllllll)ic?ltic)l). silllilnrly

ill IIigll-]wccisi(nl II)ctfmlogy  usil]g  llllllti])  l(’-ll’il~’clc  ll~tl] il)t(:l”fclol])ctlly, IIifjlly stahk  laser

SC)lll’C[!S  ~l’Cl”(:{lllil’{  >(] t{)i IC~Ji C\~CSlll)-l  lilll()lJJ(lt('  l"lJJ(![lSlll"(  :lll(>llt  S{) fill )s{)]llt~(~is  t~]l~(!s [~,~].  ]1]

al] SUCIJ  a])])  licatiolJs, flTquCIJCy  Of t]l(: lasc]s  lIJllst bc St?il )i]izc:d,  at, fl’cqucllc.ic!s  Wjt]J  ldativC

ofl”sd)s to cacl I oill]cl,  cn’a ]nol(nIgd  ])cli(xl of tjilllc. ‘J’llis  cm]] 1)(! acJlicvcd  by kwl{ill~  tllc

l~tscm  {0 difl’cm)l oIdcr  ]xmks of a si]]pjc }“alrj-1’mot  dakn] (1’’1’1’;)  as dcscrilml 1K1OW.

‘J’IIcc.c)IIc.c]  )tII?Il dCSi&J  of all l“I’I’;t \\ ’c)-l?\sclflc c]llcllcy  Sttibi]iZHtiOIJ  systc]]] issl]mv]] ill

l“if;.  1. ‘J’] JCt\i’()]  ~SCI’S{Zl})i]iZ:lti[  )lJ SyStClllSa  l(:cSSC]ltiillly  i] J(lc])CllCICllt  ~ll[lt]J(!~  sllarctlllc
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Wllct!ll(!]” 01” not! [)llC lasersil)~;lc  l“l’ll;  aIId  siII$;lc  drive oscillator OII a llcll}illtft:lactill~;  Imsis.

‘J’IIc lasa frcc]ua]cy  is ]l-IOdUlahXl,  at a rate lIIUCII l)ip;l]a tl]al) tl]c Imsic laser f]quw)cy

jitltcr,  usi]]g  tl]c si?;l]al  fro]]] tl}c COlI-IIIIOlI d]iw oscilk(tor. After ]mssi]]g; tllmugll  tlw 11’1’II;,

tl]c frqw]lcy- clitl]cwd lasu signal is rcgistwd 1 )y a ])l}c)tc)cl(:tcctc)]. If tll(! laser’s fl”cqucllcy

i s  acculatcjy  lockd  to tllc assif;llcd  }+’1’1’;  tlalls))]issioll ])cak, t,l]e cmII]x)lIcl It of tlllc  ])1]0

tfoddcctor  [nlt]mt  at tlIc fulldalllclltfil oscillator f) cquclIcy  will lx zao. 11 owcwl”,  a Sllltlll

11011-  7(c1’o outf~nltj at t’llc fulldall”lclltfal  fl’cqmlcy. ‘J’IIc ]dloto detector out]mt is lIoIImdyIIcd

wit]) tjllc  dlivc  oscillator sip;llal  to derive al I cstil])atlc of tllc lascl-vs.  -l’l’]’;  frcqumlcy  ofl’sd.

‘J’lIc rwnlltil)p;  mm sig;llal is 1O W- ]W S filtm cd alId fd lmc.k  to tl!c control  ill])uts o f  tllc

laser to cfl”cd a frcqmulc.y C.o]lcctio] 1. A sclml)atic  of this ol)t,ica]  frcquo)c.y  l~)c.liillg  loo])

(ok’], ],) is slIowII ill }“ig. 2.

11. h~A’I’llI;~f A’J’l(:AI, h!lo])};]

‘J’]Ic t,]h]]s]nissicnl  Cocflic,icllt  fm a losslcss  1“1’1’;  cm]] h lnodclcd  as

(1) ,

w],~]f: J’ , (~.?”)? is tl,c C.ocflicim,t  of fil,cssc , aIId Vi,, slt is tllc free s]mc. hal I-a IIgc. ‘J’IIc

frcquc]lcy  of tlIc lascws, v, is IImdclcd  as

]/ : V, -I I/c -I Av(i), (3)
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W]]m I/r is t,llc! l’cxx)llallcc  fl”cqwllcy, I/C is t,]lc  frc.quo]cy dcviat,io]]  fro]ll tllc tra]]s]nissiml

IWIk, aIId Av(f) is t]m fmqucn]cy ndulatiml.

h4cJ)cs}~ccificall~’,  tllcf’rcq~lcllcy  I]]oclula{io]l  is]]] oclclcd  a s

Av(I,) :

W]](W!  {/,,, i s  tllc! Ilmclulatioll  dq)th  a n d

l]ig;lm tl]a]] tllc i]ll]au]t lam frqua]q

/2 g,,, cm(w), (4)

Q is tl]c II)dultitiol)  frcqucllc.y  wl]icli is lIIuclI

jittm. III tl)c followillg,  tllc tcrIIIs “jtlodulatioll

frcqucllcy” and ‘( fulldallmltal  fl’cqu(!my” will h ud illtclcllallgcal.)ly.  }’kluat)iul ( 1 )  i s

]dotkcl  i]] I’ig. 3 for tllc cmtloln, l]if;l] fiIICSSC  1“1’1’; USCC1  i]] laboratory  dcwdcqnlmd  work.

‘1’IIc cavity  IC]]gtl] of tl]is 1’1’}’; is [j an , wl]idl rmllts ill a frcw s]mdral  Ial]t;c of 3 G]lz. ‘1’IIC

f u l l  widt]] atllalfl]]axilllllll],  VIWVIIM,  is Cx])CliIllClltally  lll~~s~lI-~(~  t~)~)~~~~  1{~~~,  ‘J’ll~s~

cavity  ]mra]]mtfms arc mu] tl]rouglmut  tl]is ]m]m.

‘J’IIc out]mt, of t]lc l)l)c)tc)clctcctf)l is IIIodclcd iil)l)lc)xilllatf:ly  w

v(t) = Ji2A7j,]~]; (l/c, f)-l ?/(f), (5)

(1 )-(b),  tll,c cx~ncssio]]  for

v(i) ~

‘J’]]is  II Iodcl  cfl’cxt,ivcly  assuIncs  that  tllc )1’1’II;  lcacts  illstal)t~illcc)~l]y  to c] IaII~;cs ill t]Ic

)nodulatiml  frmp]u]cy,  0. ‘J’llis  ~ssu]]q)tio]l  i s  rcasoIIal)lc i f  t}]c II)dulatioll  frcqucnlcy  o f

tllc drive  oscillator is lIIuclI less tl]m] VIIWIIM. (rJ’lIC fil]itc ICS]KHISC tilm tof tllc II’]’]; i s ,



.

.
1)0 fll!(plcllcy  IWkillg  C!l’1’ol” a n d  ill tllc abscllcx!  of  lloisc. A  sil]lilal])lot issl]w]l ill }“i:.  b

fOl’ tllC. C:lSCWllCll  Sf)lllCfl’CC]llCllC.~  lC)Cliill~  Cllo)iS])  l’C:SCllt. ‘J’l)is frqualcy  lockil)p;  arm is

rcs]mlsiblc  for tlIc a]qxaral]cc  of a fulldillllcllltll  COlI-I])CnIelIt  (]wliod  0.01 mlattivc  ullitls) ill

)l’:l’’1 ’11

)}’ t!llc fil”st tcl’111 of.

tllo right  l]a]d side of (6) ,  is luiodic  wit]] ~miocl !/’ : ~ . ‘J’llis  ~K!riodic.ity  sug~;mts

l“oulicl  smics:

‘J’]Ic l“oulim  c.diic.icllts  aIC given) I)y

(8)

c(i)  = Aa](vc,{gll, ) -1 ii(i), (9)

L



W]lcl’c tllc  fulldalnc!lltal  l“ouric!l’  Cmfiicic!llt!  dc])[!ll(ls ())1 Lot!]) fl’cqucwy  IOc.liillg  C l ” l ” O I ’ ,  f/c ,

allcl tllc C]lolc.c  of Inoclulailcnl  dc!])t’11, g,,,  . ‘J’IIc ~I(t) i s  {IIC cquiviilcllt ]Ioisc lnoc.css  crcatd

I)y lnulti])lyillg  tllc l)oisc at tl)c l)l)c)tc)clctcc.tc)l  out~)ut  witli tl]c oscillator sigl]a]. ‘J’IIc cmor

si~llal  c(t) is ilIcll  low-l>tiss  filtcnd  alId fd Imck to tl]c laser col]t]ol  ill~)uts,

As aII altwlntivc  to tllc lburicr  series cxlml]sioll, tl)c })llc)tc)(lct(!  ct[)l” [)ut])llt )I”ltly IK!

a]qwcmi]jlat,cd by a first-da ‘J’aylcn  series cx]mllsicnl  [5], g’llis a]qwcmclI yields m] mum

“1si~lld

[
~(f) E: - &lp Ml, Itc -1 ii(i), ( l o )

+\, ,, h~

1)10] mticn)al to vC. IIowcr  (1 O) is oIIly valid fm slIIall g ,,, and is l~cst vicwd  as a qua]it,at,  ivc

dcscri])tioll  of tll]c owl sig;llal,

It is, of cmmc, clcsiraMc to lll~xil!]izc t]m c1 K)]” si~l)~l  for :1 givcl] lHscI-vs.- l“l’l(; fro

qua 1 q ofl’sd . ‘J’IIc fu]]dallmdal l“ourkr  cmffic.icnt is l)lottml as a fu]]c.tie]] of ]ndulatkn)

dq)t]l i]) }“ig. 6. Not,c tll~t  tllc crrm sigl)~l ]c~clics  ~ ]Imxill]ulll ~t ~lqw)xilll~tdy  80 Kllz,

illdic~tlillg  tlm cxistfolc.c of ~1] ol)ti)l-lfil  ]Imhlltitiol]  dq)tll.  F’m cmll)~mrisoll,  l“ig.  G dso ~dots

tl)c first-cmkr  ‘J’q’lor series cxlml)siol) of tl)c mm sigyld.

l“i~;um  7 dmws  il]c ful)dzilmllt~l l“omim codicimd  M ~ fullctic)l) of lllodul~tioll  dq)tl)

for scvmil v~lum of frcqucllcy  kdillg;  mm. ‘J’)lis fi~;urc cmlfirlm  tl]~t tl]c cq)till)~l IIKKI-

ul?itim] dq)tl) is $3 80 I{Ilz alId is fairly  illdqm]dcllt  of frcquc)lcy locking  we]. }“iguw  8

SIKNJS tl]c fullcla]nahl  }“ourim cocflic.ic]lt as a fu]lcticn) d frcqualcy  locki)lg  cm)] for llIod-

ulatiml  dc])tl)s of 70, 80 ~]ld gO I{}IY,. ‘J’liis  fi~urc iljdicatcs  that,  tllc’ crrw signal alll])litudc

i s  illscllsitivc  to s]nall variatim)  il) IJmdulatiml dqd)] for frcqucllcy  loc.kil]g;  crrcms as largy

as ,:10. ]<]]z.

]\/ . }?]~];QlJ];N~}7-  1,()(;](};1) ()] ’]:] LA’J’]()N AN ]) };}]~]:(:’1’  01’  ] ,()()1’ NOISI;

A  si]n~dificd  block di:lgr~m of tl]c 01’1 J, is slmv]l ill h’ig. g, wll~l’~  l/J~cI(f)  i s  t]l(!

frcqua]cy  jittfcr dllc to law frcqucl)cy lmisc, 2/, (t) is tl,c frcqucl,cy  mm, v, (i) is tl,c

G



frcqucl]cy  cmrcc.tioll, h(f) is t,lm addit)ivc  ]mis(:,  aIId A is ])]()])c)]tic)llal  to tllc lam] si,yml

It! cm]] 1X2 Sllc)wll  that! t!llc 01”1,1, CJosccl l[)C)]) tl”allsfc!r  fuJlctioll, fl’OJll  lq~,,(i)  to vc (i), is

[6]

ll~(s) ~ -
AjN1,(())li’JI’(S)

(12)
s -/ /4j~], (()) KF(s) ‘

wl]crc 1“(s) is il]c lc)cq)  filter  tr~llsfcr  fullctic)ll. ‘1’I]C tl~llSfCl  fu)lctic)ll floln  Vj,’,(i)  to I/C(i),

‘J’l Io ]mfcmlna]]w  c)f tllc O1”l,  ], i s  afltxtcxl  Iy I.mt]]  additiw  ]Ioisc aIIcl frmlua]cy ]]oisc.

WIICII  tll]c  lcm])  i s  o]matillg  ill  tll]c  lil]cmr  rq;ioll,  tl]c dints  c)f illcliviclual  ]]c)ise scmrcm  m]]

]K! ddC!I’JIlilKX]  Sc!]}a?’atdy  ~IIC]  t])cll  Colllhllc!c]  to c)]~tailJ  t h e !  cwaa]]  I“c!su]t [i’], ‘J’]Ic  VtiJ”j?IIJCc

i]] frqum]c.y  ofl”sd CIUC to  additiw  ]Ioisc CMII bC writ  ftcn] as

(13)



W]lCI”C  J$’J]’J(.f)  iS tI]lC ]’S]] d t]lC  fl”C{lUCllC~  ~itt(!l’  [6, ~, ~]. ‘J’]lC ]’S]) O f  t]l~ fl’CC]UCllC~  jitkl

CaII IW fu;t]]cr cx]xudd  (A]q)c.]]dix  A) ZIS:

sJIT(.f) ‘
[

1 1[ 1+ k~j -{ “(27[Af)2~2 ‘“ “’ ‘f “ :F 1
0< f < cm,

(16)

WI(1

7] -1 7;4N,(0)K
:-

47]72
(18)

rw]u.tivdy.

WIICII tllm additiw lmisc i s  dcn]lillakcl  Irj s]lot ]Ioisc wit]] OIIC sidd ])cnvo  s]xctral

dumity ATO [Watlts/ll  z], tllml tllc varial]c.c  duc to additive IIoisc I.wmlhcs

1O;N ~ - 11] ,,
P&@)

(19)

8



(20)

tlw frqualcy  l]oisc.

l“m a gaIcral  ]mfwt 01”1,1,,  tllc almw  illteg;lals  fcn u:,, o ~,~, aIId u ~,f, aIC vay difiicu](

to Cvallltitc  al)alyticallym  }Iowma, SOIIIC siln])lificatim}s  calI I)c lnaclc  if tl]c 01’’1,1,  is assulnd

to be crit ically daln]md,  i,ch < z 1. lktaild  cxtlc.lllatimls  of tlwsc (’ : 1 ilkgrals for cac.11

arc suIIIIIItiI’izcd  l.mlmv,  WIIUC  IJl, = 5/(47 z) for a clinically-clall)])ccl, ~xrfcxt som]]d-cnda

01’’1,)/.

WlmI lJ1,Ai <<1,  (2?1 ) c.fi]] 1.x ~]~])lc)xil]l;itc(l  as

(?.1 )

(22)

(23)

“/f=” ‘+ ‘l’(:]’]A’)l  ‘] ’ ] A’ <  < ] )
(24)

9



WIICII  lJ1,Ai < < 1 ,  (25) c.~lll~c  tl])l)lc)xill-l~  tccl as

(27)

}~’ignm  1 2 ?  ]dds tllc v~rial)ccs due to ztdditivc  ]Ioisc ~I]d frcquc]lcy  jittm, as wdl  as

tl)cir  SUIII.  ‘J’IIC adclitivc hc)is~ ]dotl  assul IIm p = 9 0  dl~-}1 z, It call bc SCCII fro]]] l“ig. 1 2

tl]lat }wrfOrlnaIIcc of tljc 01”1,1, is fmqucl]c.y  lloisc lil]litd if tl]e loo]) bal]dwidtll  is lms tlliill

10



R: 1 WI 11x aIId otl]mwisc  sl]c)t  lloisc  lilnitd.  A  fi~l]lily  o f  CU]VCS,  Iq)ICSCIItiIJg total  rII~s

frcxluc])cy  locking  c!rror for difli:m)t  vtilucs of p is ])lottcd i~l l’ig;. 13 as ~ fulldiml  of loo])

lml]dwidt]l.  l“igum 13 sl]ows tll~t ~lj  lJns  frqucu)cy  locking mm of  less tl]~ll  GO(1 IIz call

IM2 ?Icllimd  with] ~ locq) b~lldwidtl]  o f  L()() 11 z fol p ~lr.:itcl tl]~l] 80 d]]. ‘J’l]c fact  tllfit

Lllis lcdiil]g  error is ]mlcl] Icss tllii]l 30 l{}Iz il~dic{ltcs  t]mt tl)c lillcfil  ~l)l)lc)xil]l~tic)])  (1 1 )

is sdf-cwllsistclA.

l“i~. 13  also ildic~tm tlllc existcllc.c of a]] o])till)~l 100]) I.mlldwidt]l  r e s u l t i n g  ill ~

)l]illilmll]  frcqumq ]c)ckill!; mm’ v?mi~lm. ‘J’llis cq)tilml b~lldwicltl)  dq)cllds  0]] p al]d i s

~bout  WI 117, for p bdwccll  80 d]] ~l]cl 1 (JO d]]. l’klu~tliol) (2i’) cm] bc usccl to dctlmni])c  tllc

o])tilml  100]) b~l]dwidtll)  of fil] 01”1,1,  for ~l]y givcl) p .

V. sllhihl AJW AN]) C; ON CI,lISIONS

A bmic ltism frqucmcy  lockil]?;  systml-1  clqdoyill?;  ti }“~bry- l’mot  d~]o]l  ~IId frqucllcy

)nodulzitil]g oscillator  was outli]ml. A tllmrctiml wldysis  of tl]is o])tic~l frcqucmcy  loc.killg

100]) (01+’1 ,1,) cxtiln~tcxl  its ]mformm]c.c  ill tlllc  ]mse]]cc  of s]lot IIoisc m]cl frquclq Imise

iyJ)iczil  of clic)clc-])~ll]~])ecl  Nd:YAG l~scm. 1)] Jmtimlm:

a )

b)

c)

tll]is  clmicc c)f o])tiln~l  modulatimi dcJ)tlI.

‘J’IIc analysis  slIcnvs t~)at ?III IIIIS  frmJucllcy locking c] ’rem, i,c, till ofl”sd of laser-vs.-l’l’l;

tr~llslnissioll  ~mtik frqucllcy,  of  lms tl]j~ll [;OO IIz c~l] IJC ~lcl]icvd  wit]) ~ looJJ lml]dwidtl)

o f  5 0 ( J  IIz for p grcmter tlml 80 d]]. ‘J’llis  v[!rifics tlmt, tllc limwr ~])J)lc)xilll~tic)ll  (1 1 ) is

sdf-collsist,  cllt for m)zilyzillg t,l]c JHOJKENC1  frcquc])cy  bckillg  sulmystml-] usi]lg l’] ‘]’;. }Jzisd



\7]]+ ACl{NOI$TI,~;I)(;MI;NrJ’S

‘J’lIc  nutl)cn  would like tc) tlmllk 1)]. F;ldmcl  ‘J’ubl.E, l)]. SCrgC Dubovitsky  zuJd 1 h.

Yckta  Gursd of J d 1 ‘rcqmlsicnl 1,aboratory,  aIIcl  1 ‘I ofmsor  1 {obd A. %ljoltz  of IJllivcusity

of Soutllcm)  Califorl]ia  for tlllcir valuahlc  discussiuls. ‘J’IIc Icscarc]I dmc.rild ill tllispapm

wasmrridout  bytlm Jd IYcqmlsic)]l  l,~lmm@y,  (ktlifm]i~  lllstit~ltcc)  frJ’cclll]c)lc) p;y, u]]dm

colltr~c,t  wit]] t]m Ndic)l]d Amm]tiutics  ~IId S]mCC Aclll~il]ist,l~tic)ll.
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AI> I’JI:NI)IX A :  CAIKXIIATION  O F  ‘m]: IWI;QUI:NCY  JITTER l)S1)

‘J’I]c frcx]umy  lmis(: ]U’WCSS, .f~(t),  iS IIldt!]d tO COllt;l;l]  ti W]litC  COlll]K)llCHli, ZJ ]/f

cmpc)llcntj,  al)[l a 1 /j~ cm])ollc!llt!. M~tllcu])~tic:illy,  tl]c 1’S1) of frmjum]c.y l)oisc is ]mcldccl

as

A’y k~
h’N(. f) ‘ h i - ‘1 ‘“

f f2
o<.f<cw, (Al)

Wll[!l’c!  k] p]z] is t!llc O)lC sided 1’s1) of tllc Wllitx  CWll”J]KMICJlt. ~’lle Collstal)t’s  1“2 [ m ? ]  a n d

k3 [IIZ3] jlJdiC2Jk t!llc  Il”lagllitfmk!s  O f  t]JC 1 /.f EJlld  1  /.f2 COIII])[)IK!IAS  of t!llc fl”cqllcllc.y  lmise

rcx+]mctivdy.  ‘J’I]c frcxlucl]cy  noise IIdd p;ivml ill (A 1 ) was vuifid  m}mi]nmltdly  ill [8]

w]d il]dircxtly  i]) [ 9 ,  1 0). ‘I’l IC lmmll]dcrs  tissoci~ttd  witlj tlJc frqualcy  lloisc  o f  tlic ~

clic~clc-l~~llj~])ccl  Nc1:YAG ring; l~scr wcm ddml])i]ml to bc k] = 0.1 Ilz, k2  = 0.75 x IOd IIz2,

?llJC] k3 c 0.5 X 107 }Iz3 [8],

IIigll frcxluel~cy co]dm]lt of tllc frqucllcy  ]Joisc is lilnitd  I)y tlm f~c.t  t]JC! fillitc rqmm

tlilnc  c)f tl]c }“1’}10 ~’l]c ddmtld  frqucllq’  jittcl CZJII bc rdtitul  to tlm frquulc.y lJOiSC  by

tllc following mdd as

{

- it for i >0
h(i) = ;’(’

Ot llc:rwisc,
. (A3)

13



Wllc!l’c 1] (j), tllc F’ou

wit]]  j2 = - 1. ‘J’l]crcfo]c

SJ]”J(~)  ~

l](f) :

im trallsfcnvll  of h(i.’,  is calculatd

1

i -I .j?7[Ai.f’

l]c frm]um}c.y  jittm I.XXX)II)CS

[

1

1 [

ky ks
/:,-1 -

j-l (2x-Af)2.f? f ‘“’ ;/2 1
o<.f <m.

tlllcl’sl)  of

to k!

(Ah)

(AG)
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1 ,Ct

h ( f )  =

[ 1
;)r f - l  j;, 2,

[ 1

2

42(.0 = ~).f4 .f - .i~, ,

@3(f) ‘
[

;)f4 f, j- .1.

1(wtj ‘

[1’4(.0’  ;jfd f- “ ] --
1@Ai) ‘

and

tllcll

(113)

(114)

(lJ:))



Wllc!rc

A* dclldcs

‘J’]ms

[

1 4
(]: - ..-- .,- -

1(?.7, At)z G ‘

(Iri’)

(1J9)
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APIWNI)IX  C: CA I,CLJIA’J’ION OF 1 / f  11’I{IXJIJI:NCY  Nom CCJNrJ’I{IIILJrJ’ION

!I’lK! f requency ldillg  C!rl”ol”  Val”iallm! [lllC! to 1  /.f flwplcllq’ IlOisC for a critically-

[Iam])c!d,  ])cl’fcd Sc!ccnlcl-cn$clcr  01”1  ~1 J c’~11 lx Wl”it,tcll as

J
00

2.~2 f2 2
[ ‘-”-’””---”--”  --

1

1

1
ol/f -

. . . . . . .
i-i (2n Ai)2Lf2  :f

[(f ,
, (y, f?.

k~ “
/

.f’
= @Ai)2 ~, - ~’” 2 [ 1[(;,)-”., “f2]2 :F-, ;2;:.,, ‘{f

((:1)

((:2)

((:3)

‘J’]ms,

l’crfor]]lil]g  il)tlqyatio)ls  alId  algdmic  siln~)lificatiolls  rducm (C;4 ) to

k?

[

1 1
0 ;/f ~ - .———— -——- ——- p 111

( )]
%J1,Ai  .

1 -  (~lJl,At)2 ~’ ‘i ; “- (~lJl,At)  5

If lJ1,At  << 1, (C5)  can Ix: alJ~)]c)xilIlatccl  as

+f=-k’[ ;-i ll’(:]]’A’)l ‘] ’ ’A ’ <  <’ )

(Cb)

((:6)

17



(1)1)

(1)2)

‘Jh]s,

l’mforlllillg  il]tcgr~tic)lls  MI(1 ~lgcbmic silnplific.~tiol]s  rducm (1 )4 ) to

o ;/f’ = k3-:)n2
lGl\],

L 6LWI

If lJ1,Ai << 1, (1)5) CaII bc a]qwoxilnatd  as

(lx)

18



1{1’:1’l;l(I:NC:l’:S

[]] C.-C, (km, a]]d hf. Z. WiII, “1 mscr l“m]umlc-.y  Stability rquirclncuh  for bllcxm)t

S})aCC ~~~)111111111  liqat,  ic~]ls,’) }’7”0C.  Of 4 $~h A ILILUO!  SIJltlJ)O.’3~?I7lL  071 ~:’?”Cq’UC7LC?J  (;07L’l?”Ol,  ])]).

500-507, ]As A]]gykxs,  CA, h4ay, 19910

[2] hl, it. Will, C.-C. CIICII micl  1{., A. Sdmltz, ‘(()] )tical l’llasc-l,ockd  1,001) (OI’1,l, ) for

All Aln]dituclc  Mdulatd  (;c)l~ll]~tl]iicatic))ls  1,illk IJsi~lg Scdid State 1,ascm,”  Submittal

for lmldicatial  ill IA’h’h’ 11-uns. Sclcctcd /. 7CCL Com?wll., }~’irst QWtc!r, 1 99/1.

[3] N. Ncrl)ci]]l, “(kmcq)tml  1 ICsigll c)f a 1 hlal-WavC  IIdcxodylm  IIltcrfclc)l)]ctcl:  l’mt 1.

1 )migl] of a Sil@e-Wave  lldmodyllc  IIltcl$fclc)lllcter,” tll)li )hginccrin~ MC IILOIQILCIW)L)

343-1194, August,, 1990.

[4] N. Nwlmim, ‘( COncc~)tual  1 ksigl]  of a 1 hIal-WavC IIdmdy]lc  llltlc~lfclc)lllctlcl:  l’art

11. I)csiF;ll C)f a I)ollblc! ]Ictcldyllc  IIlt!cl’fcl”olllctcl’,’” J]’], Nnginccring  Mcv~omndu.m,

343-1201, Sc!])tcmk!]’, 1990.

[b] S. l)uvc,vitsky, “1’loof-c)f-  ccnlccq~t  l)clllc)llsllatic)ll  of l’hxIucIIc.y  1  mckillg  of ‘1’uIIal.)lc

1 ,ascl’  to a Fabl’y-  ] ‘clot Ntalol]  ,“ J])lt lG7t.gimc~i7L.q  MC TILOIO.ILdUItt, 343- l;h4- 1 %’0, Ju1 y

9, 1992.

[G] A. J. Vitmbi, l)rinciplc.~  oj Co}Lcrcni  Co~r,~jt~\~Licaiio~,t~, NW York :hfc(;mw-llil],  II]c.,

]cJG~,

[’i’] W. (~. l,i*,dscy,  synchronization $ystmm i7, Co7,b7rLt[rhicatio7h  and Con.irol, }h+;lcwmcl

~lifl”s, NJ:  Prcmtic.c-Hall,  lJ]c., 1972.

[8] C.-C. Cllcnl  and M. Z, Will, “l{’)qucllcy  Nc)isc hflcmsurcnnalt,  c)f I )idc-]  ‘umld  Nd:YA G

]{jllg ],ascm,”  ~)?~;}; l’hoi?onics  7’cc/LILology  ~,cii?., VC)]. ~, no.  ] 1, ~q). 772-’774,  Nov.,

1990.

[9] hl. Z. Wi]l, c;.-~.  ~]ml a]ld 1{. A. Scllcdtz, “O1)tic.d  I’lMsc-1  ,ockcd  1,ocq) (OI’1,l, ) f o r

}’lm-S]mcw  l,asm ~c)lllllllll)icatiolis  wit]) llctuodyllc  1 Mcdiml  ,“ I’70c. S} ’11;, F7Y:c-



A$])OCC hi!IC7”  c07tZ?lll17L~C0.~~07L  ~’dL7LO10,fJiCS  ])), d. ] d ] ~, h., ] ~~].

[10] h4. 2’,. Win, {;.-C~.  ~lm] w](I 1{. A. Scholtz, “Analysis of Noise i)) optical  l’l]asc-l,ocld

lxx)]) (OI’1 /1,),” NASA l’f:ch.  l~ricj.~,  Sq)t., 1993 .

[11] 1. S. Gradsldqm,  m)cl 1. M. liyzhik,  ?’ablcs ojln-tcgmls,  Scric.~ , fin. dl’rodll.  cis, (:ol’mtfd

and EnlaT~cd  Eddion,  Orla IIdc), 1{’1., Acaclanic  I’NXS, inc.., 19S0, ~). 6’7, sccticn) 2.161.

[12] A, I’al)cmlis, rrohddiiy, hd07JL  Varioblcs ,  and StOC}La.QiiC ])7’occ&qf:.q7 Ncw }’ork:

h4cGxaw-IIill,  IIlc., .1965.

x)



c
o“*- ,
8
s
c1

. . . .1]
d

j’::..

. .

.-

Q’0 $!2
.! E
. . ...”.....

I~
I. . . . . . . . .

[1
. . .... . . .. . .. ..
“c> ,,.,,... . . 0> \,.....%-....-.

kal .3

a’ cm
F
to “bu)a
~ ;

n .s’
-i
g
co

.1.

[F‘ a)
-,- ?- -. —.. .— .—
-~ -6(3E
.! <
.T. .

.

Y .;~.’”””””””””. . //)\ .. . . . a
,.  “.  ..-, a} &

ii%
~ .s -El

&.~

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . } ><

1

:)
●T
Ul

0)
c

“C>>

c



F’re-Detection
~. -- – - – ~-~~ -]

.,
1 Frequency

i“

I 1 ock-in Amplifier
1 Discriminator I

-. -- -.. -- Variable Gain

+
: ~-~-” +.+....~}[+:.+  ‘mp’i:”r

I I/’
L-.

I
Oscillator

.-.. . ----  —
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F igure 2. Basic elements of a frequency stabilization subsystem.
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[ igure 3. F-requency response of the custom high finesse F-abry-Perot  EtaIon. 1 he cavity length

is 5 cm, which results in a free spectral range of 3 GHz. Fullwidth at half maximum is
experimentally measured to be 300 Kt {z.



Figure 4. Normalized photodetector output as ttle laser is modulated by quadrature dithering oscillator:
no frequency locking error and zero noise.

1 IME.

Figure 5. Normalized photodetector output as the laser is modulated by quadrature dithering oscillator:
small frequency locking error and zero noise.
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Figure 6. Fundamental Fourier coefficient as a functicm of modulation depth for some frequcmcy  locking error,
Also shown is a first-order 1 aylc]r series expansion, valid for small modulation depth.
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of frequency locking error.



o,4-

0.2’

.----—--.. -—.——-—+—..-----.__..+
- 1 o o - 5 0

--0.4L

FFIECNJENCY ERFIOR (Kt{z)

I-igure 8. Frequency locking error signal as a function of frequency locking error at optimal modulation
depth of 80 KHz. Also shown are the curves for modulation depths of 7CI KHz and 90 KHz.
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F“igure 9. A sintplified  block diagram of the optical frequency locking loop (OF L1 ).
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[ igure 11.
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Contributions of white, I/f, and l/f2 frequency noise components to the frequency locking
error as a function of loop bandwidth. Also shown is the sum of these contributions.
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Figure 12. Contributions of frequency jitter and additive noise to the frequency locking error. Also
shown is the sum of these contribution. 1 his figure is plotted for p = 90 dB-Hz,
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[ igure 13. Root mean squared frequency locking error as a function of loop bandwidth for
several values of p.


